A vast number of technological systems exhibit dynamics similar to a second-order system with a lightly damped resonance mode. A number of closed-loop control strategies have been proposed in the past to damp this resonance mode. Positive-feedback controllers based on the pole-placement technique have emerged as a group of wellperforming, and hence, popular damping controllers in a multitude of applications. Yet, their design is based mostly on trial-and-error, where closed-loop poles are arbitrarily placed away from the jω axis and further into the left-half complex plane resulting in increased damping. In this paper, a full parametric study of the Positive Position and Velocity Feedback (PVPF) is carried out. This leads to two distinct design strategies pertaining to applications in which only damping is required, and those which require both damping and tracking. One axis of a serial-kinematic nanopositioner is used as a representative second-order system with a lightly damped resonance mode to test the performance of the proposed PVPF controllers.
Introduction
Resonance-induced vibrations are a major cause of concern and a rigid limiting factor in the design and operation of many technological systems [1] . Consequently, substantial research effort has been channeled in this direction leading to several passive and active resonance-damping techniques being reported [2, 3, 4] . Due to their superior performance, high-tunability and robust performance under parameter uncertainties, active closed-loop damping schemes have been favored over their passive openloop counterparts [5, 6] . Integral Force Feedback, Integral Resonant Control, Velocity feedback, Active Shunt damping, Resonant controllers and Robust control have all been reported to deliver excellent damping performance [7, 8, 9, 10, 11, 12] . All of these controllers are implemented in the standard negative feedback.
Another family of damping controllers that are typically implemented in a positive feedback configuration are also equally popular. This group consists of the Positive Position Feedback (PPF) and the Positive Velocity and Position Feedback (PVPF also known as the Polynomialbased controller) [13, 14] . Successful application of these positive-feedback controllers are well-documented throughout relevant literature. These controllers have been employed predominantly to damp systems where a lightlydamped resonance mode at relatively low frequencies (≤ 1 kHz) dominates the overall dynamics and the higherfrequency modes are sufficiently far away from the first mode. Examples of such systems are piezoelectric-tube nanopositioners, nanopositioning platforms, high-density memory storage devices, aerospace structures, flexible manipulators, disc drive actuators etc. [15, 16, 17, 18, 19, 20] . Though these positive-feedback controllers are popular and show adequate robustness under parameter uncertainties, their design is based on pole-placement via trial-and-error. As such, a systematic design strategy or optimization of the controller design against certain application-specific indices has remained elusive. Consequently, the selection of the closed-loop pole-location that delivers optimum damping performance has proved difficult. It is also noticed in several cases that increased damping comes at the cost of increased closed-loop DC sensitivity. In many applications such as precision micro and nanopositioning, increased DC sensitivity is undesirable, but inherently unavoidable if positive-feedback damping controllers are incorporated [15] . It must be noted that a method of optimizing these popular pole-placement based positive feedback damping controllers also has the potential of impacting other damping applications such as structural vibration damping, damping of aerospace structures etc.
In this work, the PVPF controller is parametrically analysed to establish a relationship between closed-loop damping and closed-loop DC sensitivity. A method of systematically designing the PVPF controller based on desired DC sensitivity is presented. Simulations are performed using a model of one axis of a piezoelectric stack-actuated serial-kinematic nanopositioning platform to evaluate the effect of DC sensitivity on performance. Additional simulations are performed with the addition of an integral track-
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Controller + + + Figure 1 . Typical closed-loop damping control implementation. r is the reference input, y is the output, d i is the input disturbance, typically amplifier and actuator noise while d o is the output disturbance, typically sensor noise.
ing controller, commonly used in nanopositioning applications, to analyse the effect of DC sensitivity in typical operating conditions.
Organization
The paper is organized as follows. In Section 2, background theory for second-order resonant systems as well as the PVPF damping controller is presented. In this section a model of one axis of a piezoactuated nanopositioning platform is derived. In Section 3, the full parametric analysis of the PVPF damping controller structure is presented along with the parametric relationships between the achievable closed-loop damping and DC sensitivity. In Section 4, closed-loop results for each of the controller implementations are presented and discussed. Section 5 concludes the paper.
Background Theory
A single axis of a nanopositioning platform can be modelled as a mass-spring-damper system, having equation of motion
where M p is the mass of the platform, c f is the damping coefficient of the flexures, k is the sum of the spring stiffness of the flexures, k f , and the actuator, k a , and F a is the force applied by the actuator. Taking the Laplace transform of the equation of motion, the transfer function measured from the applied force, F a , to the displacement, d, is
The force generated by the actuator can be related to the unconstrained piezoelectric expansion, δ, by
and δ can be related to the reference input voltage, r, by
where g δr is a constant gain which is the product of the piezoelectric strain constant, d 33 , the number of actuator layers, n, and the amplifier gain, g a . Likewise, the displacement, d, can be related to the measured voltage, y, by
where g s is the sensor gain. The transfer function from the reference input, r, to the measured voltage, y, is then
or substituting standard variables
It is known from experimentally measured results that nanopositioning platforms have multiple resonance modes. However, the behaviour of nanopositioners is dominated by a single low frequency resonance. The model can be adapted to account for the truncated higher order modes with the addition of a feedthrough term, d f , such that the transfer function is given by
To damp the dominant resonance mode of such systems, the design and application of Positive Velocity and Position Feedback (PVPF, also known as Polynomialbased Controller) [14] has been well-documented. The controller is implemented in positive feedback as shown in Fig. 1 and its generic structure is given below.
As a damping controller, the most important design criteria is to choose the controller parameters so that the closed-loop system poles have a damping ratio ζ to be as close to 1 as possible (resulting in a maximally damped closed-loop system). A secondary but equally important performance index to consider is the DC sensitivity, though this has not been considered in most positive-feedback implementations documented in the relevant literature. This work aims to determine the effect of the closed-loop DC sensitivity on the performance of nanopositioning platforms.
Controller Synthesis
Using the plant model given by (8) and the controller transfer function given by (9) , the overall transfer function of the closed-loop system can be computed as follows:
The characteristic polynomial of the closed-loop system is given by:
(13) can be written as:
where the resulting coefficients K ′ i are:
In the following subsection, the ideal pole-placement technique is briefly revisited. Then, using the closed-loop damping and the closed-loop DC gain as the desired performance metrics, controller parameters K ′ i are identified in an iterative fashion to result in optimized PVPF designs. It will be shown that the PVPF controller is capable of satisfying both the performance metrics ((i) high closed-loop damping of the resonance mode and (ii) unity DC gain). Beyond a certain 'optimum' the PVPF design requires a major reduction in the closed-loop DC gain for any increase in the closed-loop damping of the resonance mode.
Ideal pole-placement
Let the ideal pole-placement for the 4 th -order closed-loop system whose characteristic equation is given by (13) be given by:
Then, the desired characteristic polynomial ,P d (s), that has as its roots, the poles as given in (16) is:
The abbreviated form of this desired characteristic polynomial is:
where
In order to locate the closed-loop poles of the actual system (8) in the exact location as desired (16) the following equality must be satisfied:
Combining (15) and (19) to satisfy (20) results in the following equalities: 
By setting the controller parameters 2ζω = Γ 3 and ω 2 = Γ 4 , (21) can be restructured to result in (10) . This set of equations will be utilized in identifying the choice of parameters for the PVPF controller designs.
PVPF Design
A simple pole-placement based design of the Positive Velocity and Position Feedback (PVPF) controller has been reported in relevant literature [14, 15, 16] . The system of equations given in (10) can be expressed in a matrix form as shown in (11) . The closed-loop transfer function given in (12) can be written as:
where the denominator P (s) is given by (13) and the numerator Q(s) is:
The damping ratio of the closed-loop system as a result of poles placed as given in (16) is given by:
For the possible PVPF controller designs, the parameter σ c in (16) is swept through iteratively to first result in appropriate K ′ i (σ c ) followed by computing Γ i (σ c ) as shown in (11) such that the two performance metrics namely (i) closed-loop damping and (ii) closed-loop DC gain; are satisfied simultaneously. The first objective function that needs to be satisfied ensures optimum closed-loop damping as shown in (25)
The second objective function shown in (26) ensures that the closed-loop DC gain is as closed to unity (0 dB) as possible.
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Plotting the trajectory followed by the optimization algo- rithm with respect to closed-loop damping vs. closed-loop DC gain as shown in Fig. 3 shows an interesting behavior, as yet unknown. As closed-loop poles are placed further into the left-half plane (thereby increasing the closed-loop damping) the DC gain of the closed-loop first increases to a maximum and then reduces gradually to reach zero dB; beyond which pushing the poles further in to the lefthalf plane results in a rapid decrease in the closed-loop DC gain. This result shows that almost all of the PVPF implementations reported in the literature to date, have been sub-optimal in terms of the damping that could be achieved without sacrificing DC sensitivity of the overall closedloop (all reported PVPF-damped closed-loop systems have a DC gain higher than the corresponding open-loop systems).
Results

System modeling
A two-axis serial kinematic nanopositioner, pictured in Fig. 2(a) , designed and constructed at the EasyLab, University of Nevada, Reno is used as a representative test system. The stage is driven by two 10 mm 200V piezoelectric stack actuators that provide a range of 40 µm in each axis. The position is measured by a Microsense 6810 capacitive sensor and 6504-01 probe with a sensitivity of 2.5 µm/V. The stage is driven by two PiezoDrive PDL200 voltage amplifiers with a gain of 20. A frequency response for the x-axis of the nanopositioner was recorded (blue trace in Fig. 2(b) . The platform axis shows a lightly-damped resonance mode at 718 Hz. A second-order transfer function that accurately captures the dominant resonant dynamics of this axis was procured using a least squares fit. Finally, to account for the truncation of the higher-frequency dynamics, a feedthrough term of +0.02 was added. The resulting transfer 
The optimal controllers designed herewith are based on this transfer function model G(s).
Controllers
PVPF controllers are designed using the procedure detailed in Section 3. Three cases are considered: firstly the controller which provides zero dB DC gain, secondly the controller which provides maximum DC gain, and thirdly the controller which provides DC gain equal to the inverse of the maximum DC gain. To distinguish each case, the corresponding transfer function is augmented with the subscripts Figure 6 . Typical closed-loop damped and tracked control implementation where C t (s) is an integrator.
in Table 1 . It is observed that each controller sufficiently damps the resonance mode of the plant. It should be noted that, in the case of G d0 and G d− , the DC gain is the maximum of the magnitude response. For G d+ , the magnitude response exceeds the DC gain at frequencies less than the resonance frequency. Additionally, choosing a positive or negative DC gain results in higher bandwidth than the zero dB case. G d+ , G d0 , and G d− have bandwidths of 875 Hz, 826 Hz, and 1009 Hz respectively. This suggests that in damping-only applications there is a trade-off between DC sensitivity and achievable bandwidth. As most damping control implementations mandate that low-frequency input sensitivity is not altered, bandwidth is sacrificed.
Tracking Control
In nanopositioning systems, one of the main objectives is to track an input signal. This is necessary in applications such as scanning probe microscopy. To achieve accurate tracking, an integrator is added in negative feedback to the damped system, as in Fig. 6 . The tracking controller gain is determined using an iterative method and is chosen as the maximum gain for which the magnitude response is less than or equal to zero for all frequencies. The tracking gain is provided in Table 2 and plots of the frequency response and input disturbance rejection profile are given in Fig. 5 . From Table 2 , it is observed that there is a trade-off between DC sensitivity and tracking gain. Reducing the DC sensitivity allows a greater tracking gain to be implemented, resulting in improved tracking performance, bandwidth and stability margins in the damped and tracked closed-loop systems. Additionally, Fig. 5(b) shows that this also improves input disturbance rejection at low frequencies.
A common input signal in nanopositioning is the triangular waveform (used in conjunction with a ramp to generate a typical raster scanning pattern). The response of the open-loop undamped system to a 50 Hz triangle wave is shown in Fig. 2(c) . Responses for the three PVPF control schemes with tracking are plotted in Fig. 7 . In addition, Fig. 8 shows the RMS error for a range of input frequencies. This is achieved by simulating the response of the system to a triangle wave for each frequency in the range, shifting the output response to account for phase delay, and calculating the RMS error for one period of the steady state response. From Fig. 8 , it is observed that the effect of designing the PVPF controller to achieve negative DC gain is that the RMS error is reduced across all frequencies. Though the three control schemes show significant error at the turn-around point, Fig. 7 , it is seen that by increasing the damping the system returns to accurate tracking more quickly.
In order to achieve a negative DC gain, the PVPF controller is designed to push the closed-loop poles further into the left half plane. To evaluate the effect of the arbitrary pole placement on power requirements, the power of the control signal is calculated. The power is calculated by
where u(t) is the Fourier series representation of the control signal
where T ur is transfer function from the reference input, r(t), to the control signal, u(t). As the kth harmonic of the control signal is proportional to k −2 , only the first twenty harmonics are considered as it can be assumed that any higher harmonics have negligible effect on the control signal power. The power is calculated over a range of frequencies and the results plotted in Fig. 9 . It can be seen in this plot that pushing the closed-loop poles further into the left half plane has little effect on the control signal power. Whilst the system with negative DC gain, G cl− , requires greater power at high frequencies, the difference is negligible.
Conclusions
In this paper, a method of designing Positive Velocity and Position Feedback (PVPF) controllers based on DC sensitivity (and consequently closed-loop damping ratio) is presented. Three cases are investigated arising form prominent points on the DC gain vs Damping curve, that is: maximum DC gain, 0 dB DC gain, and negative DC gain equal in magnitude to the maximum. The relationship between DC sensitivity and damping suggests two clear design directives as follows: (i) for damping-only applications, the optimal design is that which provides zero dB DC gain. Any other choice alters the DC sensitivity in the closedloop system. (ii) For damping and tracking applications, a balance must be struck between DC sensitivity and tracking gain. By reducing DC sensitivity (below 0 dB), the achievable tracking gain is increased resulting in improved tracking accuracy and greater bandwidth and stability margins. A more poignant result is the shape of the DC gain vs. Damping trajectory. This shows that almost all PVPF implementations presented in the literature so far are 'suboptimal' in terms of the damping that can be achieved.
